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It is proved that if G is a triangle-free graph with v vertices whose independence number does
not exceed its connectivity then G has cycles of every length n for 4:( n :( v(G) unless
G = K v/2 .\,/2 or G is a 5-cyde. This was conjectured by Amar, Fournier and Germa.
All graphs considered are finite, undirected and simple. A graph G of order v is said
to be pancyclic if for every n(3 ~ n ~ v) there is a cycle Cn of length n in G. Similarly,
G is vertex pancyclic if for every vertex v and every n there is a cycle Cn containing v.
Let C be a cycle of G. We always assume that C has an orientation which is
arbitrary but fixed, unless the orientation is specified explicitly. For a vertex u E V (C)
let u+(C), u+2(C), u+3(C) be the first, second and third successor of u with respect to the
orientation of C and u-(C), u- 2(cl, u- 3(C) the first, second and third predecessor. If
there is no doubt about the cycle C we simply write u +, U + 2, etc. We denote the
subgraph of G induced by the vertices not in C by G - C. Moreover, the sets Nc(u)
and NG-c(u) consist of the neighbours of u in C and G - C, respectively, and N~(u)
(Nc(u)) is the set of successors (predecessors) of vertices in Nc(u). Finally, by
ex(G), I((G), J(G) and J(G), we denote the independence number, connectivity, min-
imum degree and maximum degree of G. For terminology and notation not defined in
this paper the reader is referred to [5].
In 1972, Chvatal and Erdos [7] observed that every graph G satisfying ex(G) ~ I((G)
is hamiltonian.
Bondy [4] gave the metaconjecture that almost all nontrivial sufficient conditions
for a graph to be hamiltonian also imply that the graph is pancyclic (there may be
a simple family of exceptional graphs). The condition ex ~ I( seems to be one of the few
conditions for which the conjecture fails to hold. The so-called layered graphs by
Bauer et al. [3] show that there is a large variety of triangle-free graphs satisfying
ex = 1(.
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However, Amar et al. [2] and Chakroun and Sotteau [6] obtained positive results
for more cycles than just the hamiltonian cycle in graphs with !Y. :::;; K. In the light of
these results, Amar et al. [2] raised the following conjectures:
Conjecture 1. If !Y.(G) = K(G) and G is not bipartite and triangle-free then G has cycles
of every length between 4 and v(G).
Conjecture 2. If !Y.(G) :::;; K(G) and G is not bipartite then G has cycles of every length
between 4 and v(G).
Obviously, in both conjectures G = Cs needs to be excluded explicitly.
For!Y. < Kthe neighbourhood of every vertex cannot be an independent set and the
graph contains triangles. So the following conjecture of Jackson and Ordaz [9] is an
immediate consequence of Conjecture 2.
Conjecture 3. If !Y.(G) < K(G) then Gis pancyclic.
In this paper we will prove Conjecture 1. The main idea comes from [1]. Using this
idea, Lou [10] proved a conjecture of Faudree et al. [8] that every 2-connected graph
is vertex pancyclic if for each pair u and v of independent vertices IN(u)uN(v) I~
v - b + 1 holds.
Let us start with a simple but useful condition for extending a cycle by one
vertex.
Lemma 1. Let C be a cycle of G and v a vertex in G - C. If there is an edge in N~(v)
then G contains a cycle D with V(D) = V (C) u {v}.
Proof. For an edge x+y+ in N~(v) the required cycle is
Now we will state our central result which answers Conjecture 1 in the affirmative.
Theorem 1. Let G be a triangle1ree graph. If !Y.(G) :::;; K(G) then G has cycles of every
length n for 4 :::;; n :::;; v(G) unless G = K v/ 2 • v/2 or G is a 5-cycle.
Proof. Let us first determine some useful properties of G.
G is k- regular with!Y. = K = k. (1)
Since in a triangle-free graph the neighbourhood of every vertex is an independent
set we obtain the inequality !Y. ~ L1 ~ b ~ K which is, in fact, an equation by K~ !Y..
G has diameter 2. (2)





Indeed, if u and v are vertices at distance at least 3 then N(u) u {v} is an independent
set of cardinality k + 1 > rJ..
G has a 4-cycle and a 5-cycle. (3)
The existence ofthe C4 is verified in [2, Prop. 2.1]. For the 5-cycle note that G is not
bipartite since rJ. = K can only hold for complete balanced bipartite graphs which are
excluded. Take a shortest odd cycle C in G which must be chordless and let x be
a vertex on C. Since G has diameter 2 the vertices x and x+ 3 have a common
neighbour, thus C is a 5-cycle.
Suppose the theorem does not hold. By (3) there must be an integer
m(4 ~ m ~ v - 2) such that G contains C = Cm but not Cm+ 2 •
The four structures depicted above will be frequently used in our proof (see Fig. 1).
Note that each of them causes an (m + 2)-cycle and therefore cannot occur in G. We
will first prove the following claim.
Claim. For every vertex v in G - C the set Ndv) is non-empty and N~(v) is not an
independent set.
Indeed, if Ndv) = 0 then consider two vertices y, y+2 on C. Since G has diameter
2 both vertices have a neighbour in NG-dv) and, in order to avoid (II), this must be
a common neighbour VI' The same argument applies to y+, y+3 which also must have
a common neighbour V2 E NG-dv), V2 i= VI. Thus we obtain (III) with a = y and
b = y+2, a contradiction.
So Ndv) i= 0 for every v E V(G - C). If v has all its neighbours on C then
N~(v)u{v} has cardinality k + 1 and is therefore not independent. Since G is tri-
angle-free N~(v) contains an edge. So we may assume that NG-c(v) is not empty.
Choose y E Ndv) and let x be the nearest predecessor of yon C having a neighbour in
NG-dv). Then x+ is not adjacent to any vertex in NG-dv). By (I) we have x+~Ndv)
and no vertex from NG-dv) is adjacent to a vertex in N~(v). Moreover, x+ is not
adjacent to any vertex in N~(v) by (IV). Since the set NG_dv)uN~(v)u{x+} has
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cardinality k + 1 and therefore cannot be independent there must be an edge in N~(v),
proving the claim.
Now take a cycle C of length m such that
r = max INc(v) I
VEG-C
is maximum among all choices of C. Take a vertex v from G - C with INdv) I = rand
another vertex u from G - C, which is, if possible, adjacent to v. By our claim the
vertex u has two neighbours Xl and X2 on C such that xix; E E(G). Thus by
Lemma 1 there is an (m + I)-cycle D with V(D) = V(C)u{u}. If r;;:: k - 1 then the
vertex v has all its neighbours in D, so again by Lemma 1, there is a cycle on W(D)
I+ 1 = m + 2 vertices, a contradiction.
So assume that r (; k - 2, thus uv E E(G) and v has another neighbour w in G - C.
We derive from the claim that the vertex w has two neighbours Zl and Z2 on C where
Zi z; EE (G), so in any direction there are at least two vertices between Z1 and Z2 on
C since G is triangle-free. So we may assume that Zl ~ {xl, Xl> xt}. Fix an orientation
on D maintaining the orientation of C on the path xixi 2 ..• X I X 1 and let S be the set
of vertices y of C satisfying y-(D) E Ndv). We will now conclude the proof by showing
that NG-dv) uSu{zi 2(D)} is an independent set of cardinality k + 1, the final
contradiction.
First note that Zl =F xi 2(Cl, xI 2(C) by (II), so the edges zlzi(D) and Zi(D)zi 2(D) are on
C. By (I) we get that there is no edge between NG-dv) and S. For the same reason
Zi2(D)~S and, in particular, v is not adjacent to Zi(D). Also VZi2(D)~E(G) otherwise
zi 2(Dlzi 3(D) ... Z1wvz i 2(D) is a cycle of length m + 2, a contradiction. Moreover
zi 2(D) is not adjacent to a vertex yES since otherwise Zlwvy- y-2 ... zi 2yy + ... zlZb
where the superscripts are taken according to the orientation of D, is a cycle oflength
W(D)I + 1 = m + 2, a contradiction. Since an edge in S also causes a (W(D)I + 1)-
cycle it remains to show that zi 2(D) is not adjacent to any vertex in NG-dv). Indeed for
a vertex different from w this holds by (II). So assume that wzi 2(D) EE(G). Consider
the cycle C obtained from C by replacing the vertex Zi(D) by w. This is an m-cycle but
since VZi(D)~E(G) the vertex v has r + 1 neighbours on C, contradicting the choice
of C. 0
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